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Objective

The class of bilinear processes is quite versatile in modeionlinear time series. However, due to
difficulties in inference, It Is not much used In practice.isTwork aims to apply a particle Markov
chain Monte Carlo algorithm to estimate the parameters omgle bilinear model ([4]). The al-
gorithm we use Is the particle marginal Metropolis-Hastisgmpler (PMMCMC) constructed by
Andrieu et al. [2] as a inferential tool for state space med8SM). We will show in the next section
that bilinear models can be written in a state space form iafiedance on these on these models can
be made using this algorithm.

Bilinear models

The bilinear models [4] are possibly the most natural wayxtered the ARMA methodology in order
to address nonlinear behavior, which is observed in manyinea series. The class of bilinear models
plays an important role in modeling non-linearity for varsoreasons:

1. The class is an obvious generalization of ARMA modelsliteguin non-linear conditional mean
and conditional variance.

2. Under fairly general conditions, bilinear processes@aqmate finite order \Volterra series expan-
sions to any desired order of accuracy over finite time iraisrysee Brockett [3]). Volterra series
expansion are a dense class within the class of non-linmargeries. Therefore, under fairly gen-
eral conditions, bilinear processes are also a dense citiss non linear processes, approximating
any nonlinear process to a desired level of accuracy.

3. The class is fairly well-studied. Much is known regardthg existence of unigue and stationary
solutions. Although identification, estimation and diaginmmtechniques are available, much of the
work on the class remains to be completed.

4. Bilinear processes are often used in the control theagysamewhat different from the context
within in which they are used in time series context. In thetoa theory, the output Xt, as well as
the the input process; are observable, making the probabilistic structure simpléhe context we
use these models, the input random procésis not observed. This somewhat restricts the use of
these models within the context of time series. In estinmagiad prediction, it is important to know
that the input process is measurable with respect td'the < ¢, I.e., invertible. Unfortunately, the
lack of verifiable conditions for invertibility (except farery simple bilinear processes) limits the
use of these processes as models.

5. Bilinear processes are capable of producing sudderstmfristrge values and hence are very suitable
for modeling time series showing burst-like phenomena.

These last particular features are evident in the simuldéta sets that is plotted in Figure 1 (right).
Very large values are observed when the innovation proseBaneto(2.5), whereas moderate obser-
vations are obtained when the errors are normally dis&ghut
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Figure 1. Simulated bilinear data sets - Standard gausstihgnd Pareto(2.5) innovations (right)

For a = 2.5, this Pareto distribution has both finite mean and variafidee situation can be more
extreme ifl < a < 2ora < 1. In the first case, only the mean is finite, whereas in the sknerther
the mean nor the variance are finite.

Y; is said to be a bilinear process, Bl.q, m, k), if it satisfies the difference equation:

Y; = Zam ﬁzc]q ﬁYWzm L €1, + €t (1)
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where{¢} is a sequence of i.i.d. random variables with zero mean aridnees?.

In this work we consider that the observable proc&ssis a bilinear model of order (1,0,1,1) given
by Y; = aY;_| +bY;_1e_1 + €, Wheree; ~ N (0, 0%). The process is invertible and stationarity if the
parameters, b ando? satisfy the condition? + b0 < 1. Solving iteratively forY;, we get, aften
iterations,

n n—1 7

Y = (H(a + ber_;)Yi—n + Z(H(a + ber—;) Jer—j,

If Xy = (a+ber)Yyiswritten asX; = (a+bep) Xy 1+ (a+bep)er, andYy = Xy | + €4, Xy is a Markov
process and; has the standard latent Markov process state space refaasen

The PMMCMC algorithm

Let {Y;,t € N} be the observed bilinear model afd;,¢ € N} be the hidden (unobserved) Markov
chain (MC). Lety;.7 = (y1,%9,--.,yr) be a the set of observations up to tirhe The model is
characterized by:

e the initial distribution,zi(.)
e the transition probability of the MCfy(x+ | x4 1),

e the distribution of the observations at timeconditional on the state of the chain at timery,
90(yt | z¢)

for same value ofl. The focus is to approximate the densityz.7 | y;.77) and the marginal den-
sity pp(y1.7), using some sequential MCMC scheme. In this general framewloe joint posterior
distribution of all the unknowns of the model is given by

T T

(0, z1.7 | y17) o< pg(n) | | folwe | m—1) | | 96(ve | z0)p(6).
t=2 t=1
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What is the procedure(Andrieu et al. [2])

Basically, for eaclt = 1,2, ....7 and for some), a set of NV particles,:cgl), :c§2), e a:ELN), which are
values of the hidden MC, are simulated from some adequatebdison. Then, using Importance
Sampling, a weight is calculated for every particle. A btais procedure is applied to thié particles

In order to eliminate the trajectories which are not sufidyerelevant. After that, Andrieu et al. [2]
recommend carrying out a Metropolis-Hastings step whidhagcept (or not) a new candidate value
for 6, 6*. All this process is repeated some fixed number of iterations

Detalls of the Sequential Importance Sampling (SIS) atgori

()N particles,a:gm, a:§2>, e a:(lN>, are simulated from a proposal distributigi. | y;).
(1) The weights associated to the particles are computedjuke following expression:

b He(T )qe(y1 | 5’51)
wi(z7) =
qp(z¥ | y1)

(MLet Wk =_2=) 19 N
m=1
(IV)Fort=2.3,....T
o A bootstrap procedure is performed to choose the particigshwgher weights. Lelzélff_1 be

the index of the:!* chosen particle at time— 1.

Ak Aj
o Samplery ~ q(. | yt, T, 1) and Iet:c’f:t = (24 1175’31]?)

e The associated weights are given by
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e These weights are then normalized, as was done in step (llI).

When this sequence is concluded, we posgessts of/V particles. These information is sufficient to
T

estimate the marginal likelihoody(y1.77) = po(y1) 11 Pe(yt | y1.4—1), Where
t=2

Zwt 1 4)-

Po(yt | y1:t—1)

Overall procedure

e Initial iteration - For a certaifl = 6(0), apply the SIS in order to obtain a set of particzlélg, xéQ), e xém

and the corresponding estimates of the marginal Iikelimﬁetiibution,p@(o)(ylzT).
e The following steps are to be carried out a certain numbetecdtions { = 1,2, ... tot):

1. generate a new valdé from the proposad{. | (i — 1)}.

2. run the SIS algorithm in order to produce a new set of MGutayriesX; - ~ pg-(. | y1.4) and
compute the corresponding marginal likelihood estimate.

(a) Compute
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p—mind 1, Powrr)p(® )q [0(: i) 0] |
Po(i—1)Wrr)p 00 — 1] q[(6%) | 6(i — 1)]
(b) The new valued*, is accepted with probability given by the previous expssin this case,
the estimates of the marginal distribution and the optimaéttories associated to tH& iter-

ation take the new values. Otherwise, neither of the questre updated, taking the previous
values.

Which proposal distributions are being considered in ti&?SI

For theBL(1,0,1,1)model, theproposal distributionsonsidered are:
o q(g(fljl | y1) ~ N(—yy,0?) andgy(y; | :1:1) N<5'31v o?). The p.f.d. of the hidden MC imy is given
by pg(z;) = A1/ {¢( “+\/_) + ¢(=2 \/_)}, whereA = a?/(4ax;) and¢(.) is, as usual, the

p.d.f. of the standard Normal dlstnbutlon. This p.d.f. Myvalid providedb > 0 andx; < z or
b < 0andz; < z, wherez = —a?/(4b).

k k k
o qo(x¥ | yt, xf ,') can be calculated ag’ = axf_t‘f + (a + bxfj‘f)e’; +b(e)k.
k
e In this framework, the Welghtﬁft(zclft) areN(a:z4 | Lo?).

What about the prior distribution fa&?

The parameters andb of the bilinear model are assumed to be independent witlormitlistribu-
tions in (-1,1). Due to the invertibility and stationaritgradition of the bilinear models;? has an
upper bound equal td — «)/b?. Then the prior distribution fos is uniform in (0, (1 — a)/b%).

Ongoing work
1. R code has been developed to implement the SIS with a stelbadescribed above. It has been

used to estimate the parameters of the BL(1,0,1,1) corisiglseveral values af, b ando?.

2. The results obtained so far are not yet satisfactory. mhbility of the procedure to accurately
estimate the parameters of the model is related to inadeghaices of the proposal distributions.

3. Consequently, all the effort in the near future will be aled to devising more appropriate proposal
distributions.

4. When all these issues have been solved, we intend to etktepdocedure to more complex bilinear
models.
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