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Introduction

m Bayesian setting

m Sequentially arriving observations in time - on line inference (posterior
distribution estimation at each step)

m State space models are used to describe the development over time of
an unobserved time series (the state process), which is associated with
another time-series of observations running in parallel (the observation
process) - being the relation between the two vectors specified by the
state space model

m For a linear Gaussian state-space model we can get the exact analytical
expressions of the posterior distributions - Kalman filter

m For a partially observed finite state-space Markov chain we can also get
the analytical solution - Hidden Markov Model (HMM) filter
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Sequential Monte Carlo Methods
L Introduction

m Real data often “suffer” from non-Gaussianity, high dimensionality and
non-linearity...

U
m Sequential Monte Carlo (SMC) methods

m Simulation based, flexible, “easy” to implement & applicable in general
settings

m Alias: Particle filters, Bootstrap filters, condensation, Monte Carlo filters,
interacting particle approximations and survival of the fittest

Isabel Natario, M. Lucilia Carvalho Sequential Monte Carlo Methods



Sequential Monte Carlo Methods

L Framework

Framework

m Markovian, non-linear, non-Gaussian state-space models

Isabel Natari Carvalho Sequential Monte Carlo Meth



Sequential Monte Carlo Methods

L Framework

Framework

m Markovian, non-linear, non-Gaussian state-space models
m State process: x:, t € Ny - modeled as a Markov process

Isabel Natari ia Carvalho Sequential Monte Carlo Metho



Sequential Monte Carlo Methods

L Framework

Framework

m Markovian, non-linear, non-Gaussian state-space models
m State process: x:, t € Ny - modeled as a Markov process
m Observation process: y;, t € N - assumed to be conditional independent given

the state process

Isabel Natari ia Carvalho Sequential Monte Carlo Metho



Sequential Monte Carlo Methods

L Framework

Framework

Markovian, non-linear, non-Gaussian state-space models

State process: x¢, t € Ny - modeled as a Markov process

m Observation process: y;, t € N - assumed to be conditional independent given
the state process

m Model description:

p(xo)
p(xt|xt—1), t>1

plyelxe), t>1
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m Markovian, non-linear, non-Gaussian state-space models
m State process: x:, t € Ny - modeled as a Markov process

m Observation process: y;, t € N - assumed to be conditional independent given
the state process
m Model description:

p(xo)
p(xt|xt—1), t>1
p(yelx:), t>1

Literature example - non-linear time series model

Xt—1 Xt—1
= +25—— + 8cos(1.2t) +
Xt 2 1—|—X? 1 ( ) He
th n
= —_— V,
ye 20 ¢

u ~ N(0,02), 02=10
Ve o~ N(Ozos)» 0'6 =1
x ~ N(0,10)
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Literature example - non-linear time series model

f(xt|xe—1)

g(yelxt)
ue
Ve

X0

Xt—1 Xt—1
N 25—
( 2 + 1+x2

2

Xt 2
N(zo’”“)
N(0,02), 02=10
N(0,02), o7 =1
N(0,10)

+ 8cos(1,2t),03)
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Literature example - non-linear time series model

f(xt|xe—1) =
glyelx) =
ut ~

Vi ~

Xp o~

m Joint distribution:

Xt—1 Xt—1
N 25 ———
( 2 1T X2,

2
Xt 2
N(zo’gv)
N(0,07), 05=10

N(0,07), o7 =1
N(0,10)

+ 8cos(1.2t),0'3)

T

m(x0.7, y1:7) = 7(x0) X [ [ FOxelxe—1)g(yelxe)

t=1
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L Framework

Literature example - non-linear time series model

_ Xt—1 Xt—1 2

fxelxe-1) = N( 5 +251+Xt21+8C°S(1~2t)70u)
Xt2 2
glvilx) = N(%,av)

u ~ N(0,02), 02=10
ve o~ N(Ov 05)7 Us =1
xo ~ N(0,10)

m Joint distribution:
-

(0.7, y7) = w(x0) X [] Flxelxe—1)g(velx)
t=1

We can simulate from this distribution!
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m Objective - estimate recursively in time:

B The posterior distribution p(xo.¢|y1:t);
B Associated features, including the marginal filtering distribution, p(x¢|y1:t)

B Expectations /() = E g lyre)[fi(x0:6)] 2 [ fi(X0:)p(X0:¢|y1:e ) dXo:e
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L Framework

m Objective - estimate recursively in time:

B The posterior distribution p(xo.¢|y1:t);
m Associated features, including the marginal filtering distribution, p(xt|y1.+)
B Expectations /(ft) = E p(xg.,ly1.0) [t (X0:¢)] = I fr(x0:¢)p(x0:¢|y1:t)dxo:¢
e.g.
m Conditional mean, fy(xo:t) = Xo:¢

m Conditional covariance,
fi(x0:t) = XeXt = E pixgrlyre) XIE pixguelyr) [Xi]
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P(‘Vl:t‘xo:t)P(XO:t) _ P(.Yl:tIXO:t)P(XO:t)
p(yl:t) fp(yl:t|x0:t)p(X0:t)dX0:t

p(XO:t|y1:t) =
m Recursive formula for posterior distribution:
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P(yri1lys:)

p(x0:t+1ly1:t+1) = p(X0:t|y1:t)

m Recursive states marginal distributions:
B Prediction:

plxelyre_) = / p(xelxe—1)p(xe_1]y1e—1)dxe—1

B Updating:

p(ytlxe)p(xely1:e—1)
p(xely1:e) =
(eelyse) I p(yelxe)p(xelyr.e—1)dx:
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L Framework

m Posterior distribution (Bayes’ theorem):

P(‘Vl:t‘xo:t)P(XO:t) _ P(.Yl:tIXO:t)P(XO:t)
p(yl:t) fp(yl:t|x0:t)p(X0:t)dX0:t

p(XO:t|y1:t) =
m Recursive formula for posterior distribution:

P(Yet1|Xet1)p(Xet1lxt)
P(yri1lys:)

p(x0:t+1ly1:t+1) = p(X0:t|y1:t)

m Recursive states marginal distributions:
B Prediction:

plxelyre_) = / p(xelxe—1)p(xe_1]y1e—1)dxe—1

B Updating:

p(ytlxe)p(xely1:e—1)
p(xely1:e) =
(eelyse) I p(yelxe)p(xelyr.e—1)dx:

m Simple but complicated! :(

Late 80s computers enabled development of numerical integration methods for Bayesian filtering
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LMonte Carlo methods

Monte Carlo (MC) methods

m MC methods are not subjected to linearity or Gaussian constrains and they have
appealing convergence properties

m Enable us to approximate the intractable integrals that appeared before as long
as we have a large number of samples drawn from the required posterior
distributions

m However we can seldom sample from there - importance sampling

= Making importance sampling recursive: sequential importance sampling, SIS
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Perfect Monte Carlo sampling

m Assume we can simulate N random samples (particles) i.i.d. according to
p(xo:tly1:e): {xg':)t; i= 1,~~-,N}

m Empirical estimate of p(xo:t|y1:t):
1N
Pn(x0:tly1:t) = N ; 6ng)t(dx°3t) (discrete)

I

N 1 .
w(r) = [ lodpulxadyiadeos = 3 > f (x§7)
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Perfect Monte Carlo sampling

m Assume we can simulate N random samples (particles) i.i.d. according to
p(xo:tly1:e): {xg':)t; i= 1,~~-,N}

m Empirical estimate of p(xo:t|y1:t):
1N
Pn(x0:tly1:t) = N ; 6ng)t(dx°3t) (discrete)

I

N 1 .
w(r) = [ lodpulxadyiadeos = 3 > f (x§7)

B As long as the posterior variance of f;(x.¢) is finite, this estimate converges almost surely to /(f;) and it
follows an approximate Gaussian distribution - we can estimate any quantity I(f;) and the rate of

convergency is independent of the dimension of the integrand
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L Perfect Monte Carlo sampling

Perfect Monte Carlo sampling

m Assume we can simulate N random samples (particles) i.i.d. according to
p(xo:tly1:e): {xg':)t; i= 1,~~-,N}

m Empirical estimate of p(xo:t|y1:t):
1N
Pn(x0:tly1:t) = N ; 6ng)t(dx°3t) (discrete)

I

N 1 .
w(r) = [ lodpulxadyiadeos = 3 > f (x§7)

B As long as the posterior variance of f;(x.¢) is finite, this estimate converges almost surely to /(f;) and it
follows an approximate Gaussian distribution - we can estimate any quantity I(f;) and the rate of
convergency is independent of the dimension of the integrand

m Often it is impossible to sample efficiently from the posterior. MCMC unsuited
for recursive problems
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m A technique that simulates samples under a proposal distribution and then
approximates the target distribution by conveniently weighting these samples

m Objective: estimate /(f;), dependent of posterior p(xo:¢|y1:t)
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leportance sampling

Importance sampling

m A technique that simulates samples under a proposal distribution and then
approximates the target distribution by conveniently weighting these samples

m Objective: estimate /(f;), dependent of posterior p(xo:¢|y1:t)

m Arbitrary importance sampling distribution (or proposal distribution or
importance function): 7(Xo:¢|y1:t)

m As long as support of 7(+) includes the support of p(:) we have that:

fﬁ.‘(XO:t)W(XO:t)ﬂ'(XO:t‘yl:t)dXO:t
] W(XO:t)ﬂ—(XO:tlyl:t)de:t

I(fe) =
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leportance sampling

Importance sampling

m A technique that simulates samples under a proposal distribution and then
approximates the target distribution by conveniently weighting these samples

m Objective: estimate /(f;), dependent of posterior p(xo:¢|y1:t)

m Arbitrary importance sampling distribution (or proposal distribution or
importance function): 7(Xo:¢|y1:t)

m As long as support of 7(+) includes the support of p(:) we have that:

f ﬁ.‘(XO:t)W(XO:t)ﬂ'(XO:t‘yl:t)dXO:t

(fe) = J w(xo.t)m(x0:¢|y1:¢) dxo:t

where the importance weight is:

_ Plxolys:e)
wlxod) = e elye)
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m Consequently if we can simulate N particles i.i.d. according to m(xo.¢|y1:¢), an
MC estimate of I(f;) is:
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LMonte Carlo methods

leportance sampling

m Consequently if we can simulate N particles i.i.d. according to m(xo.¢|y1:¢), an
MC estimate of I(f;) is:

N ZN fe (XEJ t) w (xé’l) .
N Z =1 W(X i=1

In(f) =
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LMonte Carlo methods

leportance sampling

m Consequently if we can simulate N particles i.i.d. according to m(xo.¢|y1:¢), an
MC estimate of I(f;) is:

N ZN fe (XO t) w (xé’l) _
N Z =1 W(X i=1

In(f) =

where the normalized importance weight is W,
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leportance sampling

m Consequently if we can simulate N particles i.i.d. according to m(xo.¢|y1:¢), an
MC estimate of I(f;) is:

7N(ft)_ NZN ft(XOt> W(Xgl> :if< (,)) ﬁ/(),

N wixd) P

zed i i () (x5)
where the normalized importance weight is W, ' = ———+
X W("o::)

m  Under weak conditions, this estimate converges almost surely to /(f;) and with additional conditions
follows an approximate Gaussian distribution - rate of convergency still independent of the dimension of the
integrand
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leportance sampling

m This integration method can also be interpreted as a sampling method where
p(xo:ely1:c) is approximated by py(xo:ely1:e) = SN, Wt(’)ﬁx(,-) (dxo:t) and Iy(ft)
0:t

is f;(xo:¢) integrated with respect to the empirical measure f)N(xo;t|y1:t)
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leportance sampling

m This integration method can also be interpreted as a sampling method where
p(xo:ely1:c) is approximated by py(xo:ely1:e) = SN, Wt(’)ﬁx(,-) (dxo:t) and Iy(ft)
0:t

is f;(xo:¢) integrated with respect to the empirical measure f)N(xo;t|y1:t)

l— Target distribution
Aproximation
=  Samples
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LMonte Carlo methods

leportance sampling

m This integration method can also be interpreted as a sampling method where
p(xo:ely1:c) is approximated by py(xo:ely1:e) = SN, Vvt(’)tix(,-) (dxo:t) and Iy(ft)
0:t

is f;(xo:¢) integrated with respect to the empirical measure f)N(xo;t|y1:t)

l— Target distribution
Aproximation
=  Samples

m This method is not adequate for recursive estimation, as we need to get all the
data to estimate p(xo:t|y1:+) - computational complexity increases in time
(importance weights).
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leportance sampling

Sequential importance sampling, SIS

m Modification of importance sampling such that it is possible to get an estimate

Pn (x0:¢|y1:t) without modifying past trajectories {xé’:)til; i=1,..., N}
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leportance sampling

Sequential importance sampling, SIS

m Modification of importance sampling such that it is possible to get an estimate
Pn (x0:¢|y1:t) without modifying past trajectories {xg:)t—l; i=1,...,N
4

m The importance function m(xo:¢|y1:¢) at t should admit as marginal distribution
at t — 1 the importance function 7(xg:t—1|y1:¢—1):
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leportance sampling

Sequential importance sampling, SIS

m Modification of importance sampling such that it is possible to get an estimate
Pn (x0:¢|y1:t) without modifying past trajectories {xg:)t—l; i=1,..., N}

4

m The importance function m(xo:¢|y1:¢) at t should admit as marginal distribution
at t — 1 the importance function 7(xg:t—1|y1:¢—1):

7r(XO:t‘.)’l:t) = 7T(X0:r—1\}’1:t—1)7r(xrIXo:t—17)’1:t)

4

t
m(xo:elyre) = w(x0) [T mlxulxox—1,¥1:4)
P

m We can then evaluate recursively in time the important weights:

o P ()

Wy X w, T
™ (X(t )|X(();{»717y1:t>

t—1
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leportance sampling

Sequential importance sampling, SIS

m Modification of importance sampling such that it is possible to get an estimate
Pn (x0:¢|y1:t) without modifying past trajectories {xg:)t—l; i=1,...,N
4

m The importance function m(xo:¢|y1:¢) at t should admit as marginal distribution
at t — 1 the importance function 7(xg:t—1|y1:¢—1):

7r(XO:t‘.)’l:t) = 7T(X0:r—1\}’1:t—1)7r(xrIXo:t—17)’1:t)
(3
t

m(xo:elyre) = w(x0) [T mlxulxox—1,¥1:4)
P
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leportance sampling

Sequential importance sampling, SIS

m Modification of importance sampling such that it is possible to get an estimate
Pn (x0:¢|y1:t) without modifying past trajectories {xg:)t—l; i=1,...,N

4
m The importance function m(xo:¢|y1:¢) at t should admit as marginal distribution
at t — 1 the importance function 7(xg:t—1|y1:¢—1):

7r(XO:t‘.)’l:t) = 7T(X0:r—1\}’1:t—1)7r(xrIXo:t—17)’1:t)

4

t
m(xo:elyre) = w(x0) [T mlxulxox—1,¥1:4)
P

m We can then evaluate recursively in time the important weights:

o PLre) p (<),
T (O )

()

wyl o w,
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leportance sampling

m Particular important case - prior distribution as importance distribution:

Isabel Natari Carvalho Sequential Monte Carlo Meth



Sequential Monte Carlo Methods
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leportance sampling

m Particular important case - prior distribution as importance distribution:

t

m(x0:tly1:t) = p(x0:t) = p(x0) [ | p(xklxk—1)
k=1
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leportance sampling

m Particular important case - prior distribution as importance distribution:

t

m(x0:tly1:t) = p(x0:t) = p(x0) [ | p(xklxk—1)
k=1

m In this case:

w oc w® p (yt‘ng)>
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leportance sampling

m Particular important case - prior distribution as importance distribution:

t

m(x0:tly1:t) = p(x0:t) = p(x0) [ | p(xklxk—1)
k=1

m In this case:
Wt(i) x Wt(glp (Yt\xgi)>

m SIS is attractive but is a constrained version of importance sampling, which is
usually inefficient in high-dimensional spaces
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leportance sampling

m Particular important case - prior distribution as importance distribution:

t

m(x0:tly1:t) = p(x0:t) = p(x0) [ | p(xklxk—1)
k=1

m In this case:
Wt(i) x Wt(glp (Yt\xgi)>

m SIS is attractive but is a constrained version of importance sampling, which is
usually inefficient in high-dimensional spaces

m The problem is as t increases the distribution of the weights becomes more and
more skewed and practically after a few steps only one particle has a non-zero
importance weight - need to introduce additional selection step

Isabel Natario, M. Carvalho Sequential Monte Carlo Metho



Sequential Monte Carlo Methods
LMonte Carlo methods

LSequential Importance Sampling with Resampling

Sequential Importance Sampling with Resampling

m Idea: eliminate particles with low importance weights and multiplying particles
with high weights
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Sequential Importance Sampling with Resampling

m Idea: eliminate particles with low importance weights and multiplying particles
with high weights

I

m Replace the weighted empirical dist. py(xo:¢|y1:t) = ZJN:1 Vvt(i)éx(,-) (dxo:t) by
o't

the unweighted measure:

X,

N
pr(xoelyre) = D NS g (dxor),
le :t

where Ngi) is the number of offspring associated to particle xo.t - N = =V, N,

Ng‘/) = 0 means that particle xg")t dies
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Sequential Importance Sampling with Resampling

m Idea: eliminate particles with low importance weights and multiplying particles
with high weights

I

m Replace the weighted empirical dist. py(xo:¢|y1:t) = ZJN:I Vvt(i)éx(,-) (dxo:t) by
0t

the unweighted measure:

X,

N
pr(xoelyre) = D NS g (dxor),
le :t

where Ngi) is the number of offspring associated to particle xo.t - N = =V, N,

Ng‘/) = 0 means that particle Xl()J)t dies

m The Ng") are chosen such that py(xo:t|y1:¢) is close to Py(Xo:¢|y1:t) in the sense
that, for any f;, its integral with respect to both empirical measures is close
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Sequential Importance Sampling with Resampling

m Idea: eliminate particles with low importance weights and multiplying particles
with high weights

I

m Replace the weighted empirical dist. py(xo:¢|y1:t) = ZJN:I Vvt(i)éx(,-) (dxo:t) by
0t

the unweighted measure:

X,

N
iiN(XO:tlyl:t) = Z N§,)5 (i) (dXO:t)7
le 't
where Ngi) is the number of offspring associated to particle xo.t - N = =V, N,

Ng‘/) = 0 means that particle Xl()J)t dies

m The Ng") are chosen such that py(xo:t|y1:¢) is close to Py(Xo:¢|y1:t) in the sense
that, for any f;, its integral with respect to both empirical measures is close

m In practice: We obtain the surviving particles by sampling N times from the
(discrete) distribution Py (xo:¢|y1:t), which is equivalent to sampling the number

of offspring NS') according to a multinomial distribution of parameters ﬁ/t(i).
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SISR
—— Target distribution*
--- Proposal distribution

0.2

-1.0

-5 0

Sequential Monte Carlo Methods
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Bootstrap filter algorithm (special particle filter)

Importance sampling steps
Generate sample from predictive density of each old sample point

NG

%) p(xelx )

Form &{), = {x}_,. %}
0,

Evaluate importance weights for each new sample point X;

~ plye)

Normalize them, Wt = th)/z Wt

Selection step
Resample with replacement by selecting new samples xgl)t from the set

{)?gl)t} with probabilities proportional to Vv,ff)
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Literature example revisited

Xt—1 Xt—1
= 25——— 438 1.2t
Xt > t27 eI + 8cos(1.2t) + ut
.
T "
u ~ N(0,02), 02=10
Ve o~ N(07 05)7 Ue =1

x ~ N(0,10)
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####Bootrap filter example:

Carvalho Sequential Monte Carlo Metho



Sequential Monte Carlo Methods

LMonte Carlo methods

LSequential Importance Sampling with Resampling
Literature example revisited

####Bootrap filter example:
####0bservations and true states generation:

v.u< —10

v.ov< —1

xT< —rnorm(1,0,sqrt(v.u)) #True state

yT< —NULL

for (t in 1:10){ #Generate state x_t=... and obs. y_t=x_t~2/20+vt, vt ~ N(O,vt)

xT< —c(xT,rnorm(1, (xT[t]/2+256*xT[t]/(1+xT[t] "~ 2)+8xcos(1.5%t)),sqrt(v.u)))
yT< —c(yT,rnorm(1, (median(xT[t+1]))~2/20,sqrt(v.v))) }
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LSequential Importance Sampling with Resampling
Literature example revisited

####Bootrap filter example:
####0bservations and true states generation:

v.u< —10

v.ov< —1

xT< —rnorm(1,0,sqrt(v.u)) #True state

yT< —NULL

for (t in 1:10){ #Generate state x_t=... and obs. y_t=x_t~2/20+vt, vt ~ N(O,vt)

xT< —c(xT,rnorm(1, (xT[t]/2+256*xT[t]/(1+xT[t] "~ 2)+8xcos(1.5%t)),sqrt(v.u)))
yT< —c(yT,rnorm(1, (median(xT[t+1]))~2/20,sqrt(v.v))) }

N< —10000
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LSequential Importance Sampling with Resampling
Literature example revisited

####Bootrap filter example:
####0bservations and true states generation:

v.u< —10

v.ov< —1

xT< —rnorm(1,0,sqrt(v.u)) #True state

yT< —NULL

for (t in 1:10){ #Generate state x_t=... and obs. y_t=x_t~2/20+vt, vt ~ N(O,vt)

xT< —c(xT,rnorm(1, (xT[t]/2+256*xT[t]/(1+xT[t] "~ 2)+8xcos(1.5%t)),sqrt(v.u)))
yT< —c(yT,rnorm(1, (median(xT[t+1]))~2/20,sqrt(v.v))) }

N< —10000

####Inicializacdo

x0< —rnorm(N,0,sqrt(v.u))  #p(x.0)~ Normal(0,10)
x.0ld< —x0

x.todos< —cbind(x.0ld)
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Literature example revisited

####Bootrap filter example:
####0bservations and true states generation:

v.u< —10

v.ov< —1

xT< —rnorm(1,0,sqrt(v.u)) #True state

yT< —NULL

for (t in 1:10){ #Generate state x_t=... and obs. y_t=x_t~2/20+vt, vt ~ N(O,vt)

xT< —c(xT,rnorm(1, (xT[t]/2+256*xT[t]/(1+xT[t] "~ 2)+8xcos(1.5%t)),sqrt(v.u)))
yT< —c(yT,rnorm(1, (median(xT[t+1]))~2/20,sqrt(v.v))) }

N< —10000

####Inicializacdo

x0< —rnorm(N,0,sqrt(v.u))  #p(x.0)~ Normal(0,10)

x.0ld< —x0

x.todos< —cbind(x.0ld)

for (t in 1:10){

####Importance sampling step

x.new< —rnorm(N, (x.01d/2+25%x.01d/(1+x.01d" 2)+8*cos (1.5%t)),sqrt(v.u))
x.todos< —cbind(x.todos,x.new)
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Literature example revisited

####Bootrap filter example:
####0bservations and true states generation:

v.u< —10

v.ov< —1

xT< —rnorm(1,0,sqrt(v.u)) #True state

yT< —NULL

for (t in 1:10){ #Generate state x_t=... and obs. y_t=x_t~2/20+vt, vt ~ N(O,vt)

xT< —c(xT,rnorm(1, (xT[t]/2+256*xT[t]/(1+xT[t] "~ 2)+8xcos(1.5%t)),sqrt(v.u)))
yT< —c(yT,rnorm(1, (median(xT[t+1]))~2/20,sqrt(v.v))) }

N< —10000

####Inicializacdo

x0< —rnorm(N,0,sqrt(v.u))  #p(x.0)~ Normal(0,10)

x.0ld< —x0

x.todos< —cbind(x.o0ld)

for (t in 1:10){

####Importance sampling step

x.new< —rnorm(N, (x.01d/2+25%x.01d/(1+x.01d" 2)+8*cos (1.5%t)),sqrt(v.u))
x.todos< —cbind(x.todos,x.new)

#Importance weights

if (t==1){

#Initialize importance weight w-1=p(y1l|x1) ~ Normal()

weight< —dnorm(yT[t],x.new"”2/20,sqrt(v.v))}

else {

#Calculate importance weight w_t=w_t-1*p(y_tlx_t)

weight.new< —dnorm(yT[t],x.new"2/20,sqrt(v.v)) #No Bootstap o w.t-1 é 1/N, néo considerar}
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Literature example revisited

####Bootrap filter example:
####0bservations and true states generation:

v.u< —10

v.ov< —1

xT< —rnorm(1,0,sqrt(v.u)) #True state

yT< —NULL

for (t in 1:10){ #Generate state x_t=... and obs. y_t=x_t~2/20+vt, vt ~ N(O,vt)

xT< —c(xT,rnorm(1, (xT[t]/2+256*xT[t]/(1+xT[t] "~ 2)+8xcos(1.5%t)),sqrt(v.u)))
yT< —c(yT,rnorm(1, (median(xT[t+1]))~2/20,sqrt(v.v))) }

N< —10000

####Inicializacdo

x0< —rnorm(N,0,sqrt(v.u))  #p(x.0)~ Normal(0,10)

x.0ld< —x0

x.todos< —cbind(x.o0ld)

for (t in 1:10){

####Importance sampling step

x.new< —rnorm(N, (x.01d/2+25%x.01d/(1+x.01d" 2)+8*cos (1.5%t)),sqrt(v.u))
x.todos< —cbind(x.todos,x.new)

#Importance weights

if (t==1){

#Initialize importance weight w-1=p(y1l|x1) ~ Normal()

weight< —dnorm(yT[t],x.new"”2/20,sqrt(v.v))}

else {

#Calculate importance weight w_t=w_t-1*p(y_tlx_t)

weight.new< —dnorm(yT[t],x.new"2/20,sqrt(v.v)) #No Bootstap o w.t-1 é 1/N, néo considerar}
#Normalize importance weights:

weight< —weight/sum(weight)
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Literature example revisited

####Bootrap filter example:
####0bservations and true states generation:

v.u< —10

v.ov< —1

xT< —rnorm(1,0,sqrt(v.u)) #True state

yT< —NULL

for (t in 1:10){ #Generate state x_t=... and obs. y_t=x_t~2/20+vt, vt ~ N(O,vt)

xT< —c(xT,rnorm(1, (xT[t]/2+256*xT[t]/(1+xT[t] "~ 2)+8xcos(1.5%t)),sqrt(v.u)))
yT< —c(yT,rnorm(1, (median(xT[t+1]))~2/20,sqrt(v.v))) }

N< —10000

####Inicializacdo

x0< —rnorm(N,0,sqrt(v.u))  #p(x.0)~ Normal(0,10)

x.0ld< —x0

x.todos< —cbind(x.o0ld)

for (t in 1:10){

####Importance sampling step

x.new< —rnorm(N, (x.01d/2+25%x.01d/(1+x.01d" 2)+8*cos (1.5%t)),sqrt(v.u))
x.todos< —cbind(x.todos,x.new)

#Importance weights

if (t==1){

#Initialize importance weight w-1=p(y1l|x1) ~ Normal()

weight< —dnorm(yT[t],x.new"”2/20,sqrt(v.v))}

else {

#Calculate importance weight w_t=w_t-1*p(y_tlx_t)

weight.new< —dnorm(yT[t],x.new"2/20,sqrt(v.v)) #No Bootstap o w.t-1 é 1/N, néo considerar}
#Normalize importance weights:

weight< —weight/sum(weight)

####Selection step:

#Sample with replacement N trajectories according to actual importance weights:
index.resamp< —sample(1:N, =weight,replace=T)

x.todos< —x.todos[index.resamp,]}
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Literature example revisited
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Literature example revisited
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Improvements to SIR

m There are several improvements that have been proposed to SIR methods
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Improvements to SIR

m There are several improvements that have been proposed to SIR methods

m For example, to overcome a problem of " particle deplection” (particles with relative

large sizes tend to be chosen many times and dominate):

B Kernel smoothing of parameter vectors at each time step, adding a small
perturbation to parameter values, increasing the diversity of parameters
values in vicinity of parameter space.
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Improvements to SIR

m There are several improvements that have been proposed to SIR methods

m For example, to overcome a problem of " particle deplection” (particles with relative

large sizes tend to be chosen many times and dominate):

B Kernel smoothing of parameter vectors at each time step, adding a small
perturbation to parameter values, increasing the diversity of parameters
values in vicinity of parameter space.

B Auxiliary particle filter (an initial "auxiliary” resample is taken from the
population at time t, with weights calculated according to the expected
likelihood of the states at time t + 1, given the data as time t + 1. This
resampled set of particles is then projected forward from time t to time
t 4+ 1, and "corrected” using likelihood weights just as with the bootstrap
filter, except that the likelihood weights must take account of the
auxiliary resampling stage.)
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Thank you!
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